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Abstract
We consider the following elliptic problem:{
−div(|x|−2γ ∇u)+ u|x|2(γ+1) = f (x,u), u 0 in Ω,
u|∂Ω = 0
(1)
and the corresponding parabolic version

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = f (x,u), u 0 in Ω × (0, T ),
u(x, t) = 0 for (x, t) ∈ ∂Ω × (0, T ),
u(x,0) = ϕ(x) if x ∈ Ω,
(2)
Ω ⊂RN is a smooth bounded domain with 0 ∈ Ω and −∞ < γ < N−22 . We will consider in partic-
ular the critical case where f (x,u) = λ uα|x|2(γ+1) and α  1. Conditions on γ , λ, α are given to obtain
existence and nonexistence result.
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1. Introduction and functional settings
To start this article, we will study the elliptic problems
−div(|x|−2γ ∇u)+ u|x|2(γ+1) = f (x,u) in Ω, (3)
where −∞ < γ < N−22 and f satisfies suitable conditions that we will precise in each
statement. We assume in this paper that 0 ∈ Ω , which is the interesting case. Next, we will
study the associated parabolic problem, namely,

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = g(x, t, u) in Ω × (0, T ),
u 0 in Ω × (0, T ) and u = 0 on ∂Ω × (0, T ),
u(x,0) = u0(x) in Ω,
(4)
where g is a positive function which satisfies suitable conditions and u0 is a positive func-
tion, u0 ∈ L1(Ω). See [1] and [6] for results without absorption.
Equations (3) and (4) are related to some Caffarelli–Kohn–Nirenberg inequalities that
we will state in the next section. (See [11].) This kind of problems without the absorption
term has been studied in [1] and [4]. In this paper we will study the combined effect of the
absorption and the reaction term in the behavior of the problem.
With convenient growth hypotheses on f there is an energy setting to study the exis-
tence of solutions to (3) in the weighted Sobolev space D1,2γ (Ω), which is defined as the
completion of C∞(Ω), with respect to the norm
‖φ‖γ =
(∫
Ω
(|φ|2 + |∇φ|2)|x|−2γ dx
)1/2
.
We denote byD1,20,γ (Ω) the completion of C∞0 (Ω) with respect to the norm ‖.‖γ . Therefore,
D1,20,γ (Ω) is a Hilbert space and by a Poincarè type inequality we can prove that L2-norm
of the gradient with respect to the weight |x|−2γ is an equivalent norm for D1,20,γ (Ω).
Consider now the problem{−div(|x|−2γ ∇u)+ u|x|2(γ+1) = f (x) ∈ L1(Ω), x ∈ Ω,
u(x) = 0 on ∂Ω, (5)
then, from [4] we know that (5) has a unique solution u ∈ L1(|x|−2(γ+1) dx,Ω) in the
sense that for all φ ∈ C2(Ω¯) such that φ ≡ 0 on ∂Ω we have∫
Ω
u
(−div(|x|2γ ∇φ))dx + ∫
Ω
uφ
|x|2(γ+1) =
∫
Ω
fφ dx. (6)
One of the main contribution in this work is an extension of previous results in [7] and in
[4] to Eq. (3), where an absorption term appear. The main difficulty in problem (3) is that
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u0(x) = |x|α0 , where
α0 =
√
(N − 2(γ + 1))2
4
+ 1 − N − 2(γ + 1)
2
, (7)
then −div(|x|−2γ ∇u0) + u0|x|2(γ+1)  0 while u0(0) = 0. Hence to extend the nonexistence
result and the blow-up result we need some extra hypotheses on f (x,u).
The paper is organized as follows. The next subsection is devoted to some preliminar-
ies and then in Section 2 we study the existence and nonexistence results for the elliptic
equation, and we obtain blow-up results in some cases, the main result are contained in
Theorems 2.1, 2.4 and 2.8. Section 2.1 contains the main blow-up results in Theorem 2.9
and in Section 2.2 we prove that there exists a constant a0 = a0(γ,p,N) > γ + 1 such that
the general problem{
−div(|x|−2γ ∇u)+ u|x|2a = u
p
|x|2(γ+1) in Ω,
u(x) 0, u|∂Ω = 0,
(8)
has positive solution if a > a0(γ,p,N) and 1 < p < 2∗ − 1 ≡ N+2N−2 . See Theorem 2.10.
Moreover, if γ + 1 < a < a0, then problem
−div(|x|−2γ ∇u)+ u|x|2a = u
p
|x|2(γ+1) + f in Ω, u(x) 0, u|∂Ω = 0,
does not have a positive solution under some hypothesis on f as shows Theorem 2.11. To
finish Section 2 we give some blow-up results in this last case.
Section 3 deals with the parabolic case; namely, we will consider problem (4) with
g(x, t, u) = λ u
p
|x|β + g0(x, t),
where g0 is a positive function such that g0 ∈ L1(Ω × (0, T )). If we set w(x, t) =
|x|α0u(x, t), then w satisfies the equation
|x|2α0wt − div
(|x|−2(γ−α0)∇w)= |x|α0g. (9)
Notice that if (1 + γ ) > 0, then the linear part of (9) verifies the parabolic Harnack in-
equality (41), proved by Gutierrez and Wheeden in [15]. Moreover, the interval of γ is
optimal.
In Section 3.1 we prove the nonexistence result in the superlinear case, namely we will
assume that p > 1, γ + 1 > 0 and β > (p − 1)α0 + 2(γ + 1), where α0 is given by (7).
This result is the content of Theorem 3.8. As a consequence we prove some result on the
complete blow-up in Section 3.2. Finally, in the last subsection we give some remarks on
existence.
1.1. Functional preliminaries
In the sequel we use the following Caffarelli–Kohn–Nirenberg inequalities. See [11].
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d be real constants such that s, q  1, r > 0, 0 d  1, and
1
s
+ α
N
,
1
q
+ θ
N
,
1
r
+ m
N
> 0,
where m = dσ + (1 − d)θ . Then there exists a positive constant C such that for all u ∈
C∞0 (RN) we have∥∥|x|mu∥∥
Lr(RN)
 C
∥∥|x|α|∇u|∥∥d
Ls(RN)
∥∥|x|θu∥∥1−d
Lq(RN)
, (10)
if and only if the following relations hold:
1
r
+ m
N
= d
(
1
s
+ α − 1
N
)
+ (1 − d)
(
1
q
+ θ
N
)
,
0 α − σ if d > 0,
and
α − σ  1 if d > 0 and 1
r
+ m
N
= 1
s
+ α − 1
N
.
In particular we get the following extension of the Sobolev and Hardy–Sobolev inequal-
ities.
Lemma 1.2 (Sobolev inequality). Let N  3 and −∞ < θ < N−22 . Then there exists a
positive constant S ≡ S(N, θ) such that for all u ∈D1,20,θ (Ω), we have
S
(∫
Ω
|u|2∗ |x|−2∗θ dx
) 1
2∗

(∫
Ω
|∇u|2|x|−2θ dx
) 1
2
. (11)
Moreover, S is not achieved in any bounded domain.
Lemma 1.3 (Hardy–Sobolev inequality). Let N  3 and −∞ < θ < N−22 . Then for all
u ∈D1,20,θ (Ω), we have
ΛN,θ
∫
Ω
|u|2
|x|2(θ+1) dx 
∫
Ω
|∇u|2|x|−2θ dx, ΛN,θ =
(
N − 2(θ + 1)
2
)2
. (12)
Moreover, ΛN,θ is optimal and it is not achieved (see [12]).
We denote by D−1,20,−θ the dual space of D1,20,θ (Ω). Let a > 1, we define the following
Banach space:
E2,θ (a) ≡
{
f
∣∣ f
|x|−2θ ∈ L
a
(
Ω, |x|−2θ dx)}≡ La(Ω, |x|2θ(a−1) dx).
Then we have the following result.
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〈F,u〉 =
N∑
i=1
∫
Ω
fi
∂u
∂xi
dx.
See the proof in [4].
We will need the extension of Picone identity, which the proof can be found in [5].
Theorem 1.5. Let u ∈D1,20,γ (Ω), assume that v ∈D1,20,γ (Ω) is a positive function such that
ν ≡ −div(|x|−2γ ∇v), is a bounded Radon measure, then∫
Ω
|x|−2γ |∇u|2 dx 
∫
Ω
|u|2
v
(−div(|x|−2γ ∇v))dx.
2. Existence and nonexistence results in the elliptic case
Consider the problem{−div(|x|−2γ ∇u)+ u|x|2(γ+1) = f (x,u) in Ω,
u(x) 0, u|∂Ω = 0,
(13)
where Ω ∈RN is a bounded domain such that 0 ∈ Ω , N  3, γ < N−22 and p  1.
Problem (13) is related to Caffarelli–Kohn–Nirenberg inequalities in Proposition 1.1
(see [11]).
As was pointed out in the introduction the linear part of Eq. (5) does not satisfies the
strong maximum principle.
We will investigate a natural condition on the right-hand side to reach the strong maxi-
mum principle. Consider v0 = 1 − u0; then v0 satisfies the problem{
−div(|x|−2γ ∇v0)+ v0|x|2(γ+1) = 1|x|2(γ+1) in B1(0),
v0(x) > 0, v0|∂B1(0) = 0.
(14)
Hence we get the following result.
Theorem 2.1. Assume that f ∈ L2(|x|2γ dx,Ω) is a positive function. Let w ∈ D1,20,γ (Ω)
be a positive solution to problem{−div(|x|−2γ w)+ w|x|2(γ+1) = f in Ω,
w(x) 0, w|∂Ω = 0,
(15)
then
(i) If |x|2(γ+1)f  c in some ball Bρ(0), then w(0) > 0 and therefore w > 0 in Ω .
(ii) If there exists ε > 0 such that ‖|x|2(γ+1)−εf ‖∞  c, then w(0) = 0.
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the second case we observe that if we set w(x) = |x|α , where α ∈ (0, α0), then by a simple
computation we obtain that
−div(|x|−2γ ∇w)+ w|x|2(γ+1) =
(
1 − α(N + α − 2(γ + 1)))|x|α−2(γ+1).
Notice that, by hypothesis on α, we have (1 − α(N + α − 2(γ + 1))) > 0. Since f 
C
|x|2(γ+1)−ε , then choosing α = ε and by comparison with Cw, in a neighborhood of the
origin, where C is a suitable positive constant, we conclude. 
In a general way we have the next result that extends the one proved in [7].
Lemma 2.2. Let f ∈ L2(|x|2γ dx,Ω) be a positive function. We consider u, the solution
to problem (13), then there exists a constant C depending only on Ω and N such that
u(x)
δ(x)
 C|x|α0
∫
Ω
f (y)|y|α0δ(y) dy, (16)
where δ(x) = dist(x, ∂Ω).
Proof. We set u(x) = u0(x)w(x), then by a direct computation we obtain that w satisfies
the following problem:{
−div(|x|−2γ ∇w)− 2α0 〈∇w,x〉|x|2(γ+1) = f (x)|x|α0 in Ω,
w(x) 0, w|∂Ω = 0.
(17)
Hence, we obtain{−div(|x|−2(γ−α0)∇w) = f (x)|x|α0 in Ω,
w(x) 0, w|∂Ω = 0.
(18)
Therefore, using a simple modification of the same argument in [7], we get the existence
of C depending only on Ω such that
w(x)
δ(x)
 C
∫
Ω
f (y)|y|α0δ(y) dy.
Using the definition of w we conclude. 
We now consider the problem{
−div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|β in Ω,
u(x) 0, u|∂Ω = 0,
(19)
where p > 1, then we have the following definition.
Definition 2.3. We say that u ∈ L1(|x|−2γ−1 dx,Ω) is a weak solution to problem (19) if
u
2(γ+1) ∈ L1(Ω),
up
β
∈ L1(Ω)|x| |x|
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Ω
(
u
(−div(|x|−2γ ∇φ))+ uφ|x|2(γ+1)
)
dx =
∫
Ω
upφ
|x|β dx.
Let u be a solution to (19), we set u(x) = u0(x)w(x), then by a direct computation we
obtain that w satisfies the following problem:{
−div(|x|−2γ ∇w)− 2α0 〈∇w,x〉|x|2(γ+1) = |x|(p−1)α0−βwp in Ω,
w(x) 0, w|∂Ω = 0.
(20)
Hence we conclude that{−div(|x|−2(γ−α0)∇w) = |x|(p+1)α0−βwp in Ω,
w(x) 0, w|∂Ω = 0.
(21)
Notice that by the strong maximum principle, w > 0 in Ω . Moreover, we obtain the fol-
lowing nonexistence result.
Theorem 2.4. Assume that p > 1, then we have
(i) If β  (p − 1)α0 + 2(γ + 1), then problem (21) does not have a weak solution in
sense of Definition 2.3.
(ii) If β  (p + 1)(γ + 1) − N(p−1)2 , then problem (21) does not have a solution in
D1,20,γ−α0(Ω), where Ω is a star shaped domain.
(iii) If β < (p + 1)(γ + 1) − N(p−1)2 and p < 2∗ − 1, then problem (21) has at least a
positive solution in D1,20,γ−α0(Ω).
Proof. It is clear that (p − 1)α0 + 2(γ + 1) > (p + 1)γ − N(p−1)2 .
The case (i) follows by using Theorem 3.4 in [5] because we have that
β − (p + 1)α0  2(γ − α0 + 1).
To prove case (ii) we use a Pohozahev type identity as in [16], namely if w is an energy
solution to (21), we have
N − 2(γ − α0)− 2
2
∫
Ω
|x|−2(γ−α0)|∇w|2 dx
− N + (p + 1)α0 − β
p + 1
∫
Ω
|x|(p+1)α0−βwp+1 dx
= −1
2
∫
∂Ω
|x|−2(γ−α0)|∇w|2〈x,η〉dσ. (22)
Using (21) we obtain that
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N − 2(γ − α0)− 2
2
− N + (p + 1)α0 − β
p + 1
)∫
Ω
|x|(p+1)α0−βwp+1 dx
= −1
2
∫
∂Ω
|x|−2(γ−α0)|∇w|2〈x,η〉dσ  0.
If β > (p + 1)(γ + 1)− N(p−1)2 , we get
∫
Ω
|x|(p+1)α0−βwp+1 dx  0, hence we conclude
that w = 0.
If β = (p + 1)(γ + 1) − N(p−1)2 , we obtain that
∫
∂Ω
|x|−2(γ−α0)|∇w|2〈x,η〉dσ = 0,
a contradiction with the Hopf boundary lemma (see, for instance, [4]). Hence we conclude.
We now prove the existence result (iii). Assume that β < (p + 1)(γ + 1)− N(p−1)2 and
let w ∈D1,20,γ−α0(Ω), then using Hölder and Sobolev inequality (11), we obtain that∫
Ω
|x|(p+1)α0−β |w|p+1 dx =
∫
Ω
|x|(p+1)(α0−γ )|w|p+1|x|(p+1)γ−β dx

(∫
Ω
|w|2∗ |x|2∗(α0−β) dx
) p+1
2∗
(∫
Ω
|x| 2
∗
2∗−(p+1) ((p+1)γ−β) dx
) 2∗−(p+1)
2∗
.
Since β < (p + 1)(γ + 1) − N(p−1)2 , we obtain that
∫
Ω
|x| 2
∗
2∗−(p+1) ((p+1)γ−β) dx < ∞ and
then ∫
Ω
|x|(p+1)α0−β |w|p+1 dx C
(∫
Ω
|∇w|2|x|−2(γ−α0) dx
) p+1
2
. (23)
Notice that positive solutions to problem (21) are critical points of the functional
G(w) = 1
2
∫
Ω
|∇w|2|x|−2(γ−α0) dx − 1
p + 1
∫
Ω
|x|(p+1)α0−β |w|p+1 dx.
Using (23) we obtain that
G(w) 1
2
∫
Ω
|∇w|2|x|−2(γ−α0) dx −C
(∫
Ω
|∇w|2|x|−2(γ−α0) dx
) p+1
2
,
then G has the geometry of the mountain pass. Since 1 < p < 2∗ −1, we have the compact
inclusion (see [13]) and the Palais–Smale condition is easily proved. As a consequence we
obtain the existence of at least a positive critical point. 
Remark 2.5. If β = 2(γ + 1), then using the second case we obtain that problem (21) has
no solution in D1,20,γ−α0(Ω) if Ω is a starshaped domain. We could say that the absorption
term in Eq. (19) does not change anything about the nonexistence in the variational setting
with respect to the case studied in [5].
In the same way, by setting β = 2(γ + 1), we have the following nonexistence result.
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u(x) 0, u|∂Ω = 0,
(24)
has no positive weak solution.
Proof. Without loss of generality we can assume that B1(0) Ω . Let u be a solution to
problem (24), then by a comparison with v0, the solution of (14), we conclude that u(0) 1
and then u > 0 in Ω . We set c = infB1(0) u, then c > 0. Since
−div(|x|−2γ ∇u)+ u|x|2(γ+1)
 c
p + 1
|x|2(γ+1) = −div
(|x|−2γ ∇(cp + 1)v0)+ (cp + 1)v0|x|2(γ+1) in B1(0),
we obtain that u 1 + c1 in some ball Br0(0). Therefore we conclude that up(x) u(x)
for all x ∈ Br0(0).
Using (24) we obtain that −div(|x|−2γ ∇u)  1|x|2(γ+1) in Br0(0). We set w0(x) =
ε log r0|x| , then
−div(|x|−2γ ∇w0)= ε N − 2|x|2(γ+1) in Br0(0).
Choosing ε small we conclude that u(x)w0(x) for all x ∈ Br0(0). Hence we obtain that
limx→0 u(x) = ∞.
As a consequence we conclude that for all C > 0, there exists r > 0 small enough such
that u C in Br(0) in particular we can choose C > 1 +ΛN,γ .
Let now
λ1 ≡ inf
φ∈C∞0 (Br0 (0))
∫
Br0 (0)
(|∇φ|2|x|−2γ + φ2|x|2(γ+1) ) dx∫
Br0 (0)
φ2
|x|2(γ+1) dx
= 1 +ΛN,γ .
Notice that λ1 is independent of the domain and is not achieved. Let {φn} be a minimizing
sequence to λ1, then using Theorem 1.5 we obtain that∫
Br0 (0)
(
|∇φn|2|x|−2γ + φ
2
n
|x|2(γ+1)
)
dx

∫
Br0 (0)
up−1 φ
2
n
|x|2(γ+1) dx  C
p−1
∫
Br0 (0)
φ2n
|x|2(γ+1) dx.
Therefore we get∫
Br0 (0)
(|∇φn|2|x|2α0 + φ
2
n
|x|2(γ+1) ) dx∫
Br0 (0)
φ2n
|x|2(γ+1) dx
 Cp−1 > λ1,
a contradiction with the definition of {φn}, hence we conclude. 
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Theorem 2.7. Let f ∈ L1(Ω) be a positive function such that |x|2(γ+1)f (x) c in some
ball Br(0), then the following problem:{
−div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|2(γ+1) + f in Ω,
u(x) 0, u|∂Ω = 0,
(25)
does not have a positive solution.
In the case ‖|x|2(γ+1)−εf ‖L∞  C, we have the following existence result.
Theorem 2.8. Assume p > 1. Let f be a positive function such that ‖|x|2(γ+1)−εf ‖L∞
C. Then problem{
−div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|2(γ+1) + f in Ω,
u(x) 0, u|∂Ω = 0,
(26)
has a bounded nonnegative minimal solution u such that u(0) = 0.
Proof. We prove first the existence of solution in some small ball Br0(0) B1(0).
Let α ∈ (0, α0) that we will chose later, we set w0(x) = |x|α , by a direct computation
we obtain
−div(|x|−2γ ∇w0)+ w0|x|2(γ+1) =
(
1 − α(N + α − 2(γ + 1)))|x|α−2(γ+1).
Hence we can chose α small enough, in such a way that for some 0 < r0 < 1, we have(
1 − α(N + α − 2(γ + 1)))|x|α−2(γ+1)
 |x|pα−2(γ+1) + |x|ε−2(γ+1) = w
p
0
|x|2(γ+1) +
1
|x|2(γ+1)−ε in Br0(0).
Therefore w0 is a supersolution to problem (26), since 0 is a strict subsolution, then by
using an iteration argument we get the existence of a positive solution w1 in Br0(0) such
that w1 w0.
Let now Ω ⊂ BR(0), for x ∈ BR(0), we set wR(x) = w1(r0 xR ), then
−div(|x|−2γ ∇wR)+ wR|x|2(γ+1)
=
(
r0
R
)2(γ+1){
−div
((
r0
|x|
R
)−2γ
∇w1
(
r0
x
R
))
+ w1(r0
x
R
)
(r0
|x|
R
)2(γ+1)
}
= w
p
1 (r0
x
R
)
|x|2(γ+1) +
(
R
r0
)ε 1
|x|2(γ+1)−ε .
Since ( R
r0
)ε  1, we conclude that
−div(|x|−2γ ∇wR)+ wR2(γ+1)  w
p
R
2(γ+1) +
1
2(γ+1)−ε .|x| |x| |x|
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argument. 
2.1. Blow-up results
The main contribution in this subsection is the following blow-up result.
Theorem 2.9. Assume β  (p − 1)α0 + 2(γ + 1). Consider an(x) = 1|x|β+1/n and gn(s) =
min{n, sp}. Let fn ∈ L∞(Ω) be such that fn  0 for all n ∈ N and fn ↑ f ∈ L1(Ω),
f = 0. Let un be the minimal positive solution to problem

−div(|x|−2γ ∇un)+ un|x|2(γ+1) = an(x)gn(un)+ fn in Ω,
un  0 in Ω,
un|∂Ω = 0.
(27)
Then un(x) → ∞ as n → ∞ uniformly in x ∈ Ω \ {0}.
Proof. The existence of minimal solution un to problem (27), can be easily proved. Since
an(x)gn(un)+ fn is increasing we conclude that {un} is an increasing sequence.
We argue by contradiction. Assume the existence of x0 ∈ Ω \ {0}, such that
supn un(x0) = c0 < ∞, then by Lemma 2.2 we get the existence of c1 such that
|x0|α0
∫
Ω
(
an(x)gn(un)+ fn
)|y|α0δ(y) dy  c1 for all n.
In particular, for all ball B2r (0) ⊂ Ω , we have∫
Br
(
an(x)gn(un)+ fn
)|y|α0 dy  c1 for all n. (28)
We set un(x) = |x|α0wn(x), then by a direct computation we obtain that wn solves the
following problem:{−div(|x|−2(γ−α0)∇wn) = |x|α0(an(x)gn(|x|α0wn)+ fn) in Ω,
wn(x) 0, wn|∂Ω = 0.
(29)
Since Fn(x) := (an(x)gn(|x|α0wn) + fn)|x|α0 is increasing and by using (28) we obtain
that Fn ↑ F as n → ∞ in L1(B2r ) where 0 F(x) = supn Fn(x).
Starting from v0 = 0, we define the sequence,{−div(|x|−2(γ−α0)∇vn+1) = |x|α0(an+1(x)gn+1(|x|α0vn)+ fn+1) in Br(0),
vn+1|∂Br (0) = 0.
(30)
Since an+1(x)gn+1(s) + fn+1 is increasing in n, by the weak comparison principle we
obtain that vn  vn+1. Using again the weak comparison principle one can easily prove
that vn wn in Br(0) for all n ∈N.
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Br (0)
∣∣∇Tk(vn)∣∣2|x|−2(γ−α0) dx
 k
∫
Br(0)
|y|α0(an+1(y)gn+1(|y|α0wn)+ fn+1)dy  ck,
namely Tk(vn) is bounded in D1,20,γ (Br) for all k > 0. Then using a modification of the ar-
gument in [8] we can prove that Tk(vn) converge weakly to some Tk(v) ∈D1,20,γ−α0(Br) and
then Tk(vn) → Tk(v) in L2(|x|−2(γ−α0) dx,Br). Hence, v is a weak solution to problem

−div(|x|−2(γ−α0)∇v) = vp|x|β + f in Br(0),
v  0 in Br(0) and v = 0,
v|∂Br(0) = 0.
(31)
A contradiction with the result of Theorem 2.4. Hence un(x) → ∞ as n → ∞ for all
x ∈ Ω \ {0}. 
2.2. Further results
We consider now the following problem:{
−div(|x|−2γ ∇u)+ u|x|2a = u
p
|x|2(γ+1) in Ω,
u(x) 0, u|∂Ω = 0,
(32)
where a > 1 + γ and p < 2∗ − 1. Let Tγ (Ω) ≡D1,20,γ (Ω) ∩ L2(|x|−2a dx,Ω). Notice that
Tγ (Ω) is a Hilbert space endowed with the norm
‖u‖2Tγ = ‖u‖2D1,20,γ + ‖u‖
2
L2(|x|−2adx,Ω).
The first result is the following existence result.
Theorem 2.10. Assume that the following condition holds:
(H) a > a0 ≡ 4(γ + 1)−Nγ (p − 1)
(N − 2)(2∗ − (p + 1))
and p < 2∗ − 1, then the inclusion of Tγ (Ω) in Lp+1(|x|−2(γ+1) dx,Ω) is compact and
then problem (32) has a positive solution.
Proof. Notice that a0 > γ + 1. If p  1, the result follows easily by comparing with the
norm of D1,2 (Ω).0,γ
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inequality (10) with s = q = 2, r = p + 1, α = −γ , θ = −a, m = − 2(γ+1)
p+1 , d = N(p−1)2(p+1)
and σ = −γ . Hence we conclude that(∫
Ω
|u|p+1
|x|2(γ+1) dx
) 1
p+1
 C
(∫
Ω
|u|2
|x|2a dx
) 1−d
2
(∫
Ω
|∇u|2|x|−2γ dx
) d
2
.
The compact inclusion follows by the fact that p < 2∗−1, we refer to [13] for more details.
We prove now the existence result. Positive solutions to problem (32) are critical points
of the functional
J (u) = 1
2
(∫
Ω
|∇u|2|x|−2γ dx +
∫
Ω
u2
|x|2a dx
)
− 1
p + 1
∫
Ω
|u|p+1
|x|2(γ+1) dx.
Using the above result we obtain that
J (u) 1
2
‖u‖2Tγ −C‖u‖
p+1
2
Tγ
.
Hence we conclude that J has the geometry of the mountain pass, therefore using the above
compactness result we get the existence of at least a positive solution. 
Theorem 2.11. Assume that
(H1) γ + 1 < a < a0,
where p > 1. Let f be a positive function such that f |x|c+2a  A > 0, for some c such
that 2(a−γ−1)
(p−1) < c <
2(a0−γ−1)
(p−1) , in the neighborhood of 0. Then problem{
−div(|x|−2γ ∇u)+ u|x|2a = u
p
|x|2(γ+1) + f in Ω,
u(x) 0, u|∂Ω = 0,
(33)
does not have a weak solution.
Proof. Notice that a < γ + 1 + c(p−1)2 < a0. To prove the main result, we will ar-
gue by contradiction. Assume the existence of a nonnegative solution u to (33), then
−div(|x|−2γ ∇u)+ u|x|2a  f .
Without loss of generality we can assume that B¯1(0) ⊂ Ω . We set v(x) = |x|−c , then
by a direct computation and by using the fact that a > γ + 1, we obtain that
−div(|x|−2γ ∇v)+ v|x|2a = |x|−c−2a + c1
(
N − 2(γ + 1)− c)|x|−c−2(γ+1)
 C|x|−c−2a.
Therefore, using the hypothesis on f and modulo rescaling we obtain that u(x) cv(x) in
a neighborhood of 0. Hence we conclude that
−div(|x|−2γ ∇u) u2(γ+1) (up−1 − |x|−2a+2(γ+1)).|x|
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lim|x|→0 |x|
2a−2(γ+1)up−1 = ∞.
Hence for all C > 0 we can find r0 > 0 such that up−1 − |x|−2a+2(γ+1)  C in Br0(0).
Therefore we get
−div(|x|−2γ ∇u) C u|x|2(γ+1) .
Choosing C > 2ΛN,γ we reach a contradiction with the results in [4]. Hence we con-
clude. 
Remark 2.12. The value
a0 = 4(γ + 1)−Nγ (p − 1)
(N − 2)(2∗ − (p + 1))
is optimal for existence and nonexistence according with the regularity of f close to the
origin. It is worthy point out that the absorption term break down the result of nonexistence
result of the pure reaction case for some values of p > 1.
As a consequence of the nonexistence result we obtain the following blow-up result.
Theorem 2.13. Assume that hypotheses of Theorem 2.11 hold. Let un be the minimal solu-
tion to problem

−div(|x|−2γ ∇un)+ un|x|2a = an(x)gn(un)+ Tn(f ) in Ω,
un  0 in Ω,
un|∂Ω = 0,
(34)
where an(x) = 1|x|2(γ+1)+1/n , gn(s) = min{n, sp} and Tn(s) = min{s, n}. Then un(x) → ∞
as n → ∞ for all x ∈ Ω \ {0}.
Next we will see some observation on the behavior of this kind of elliptic problems with
respect to the critical constant ΛN,γ . More precisely, consider problem

LN,γ (u)+ λ u|x|2(γ+1) = u
p
|x|2γ in Ω,
u 0 in Ω,
u|∂Ω = 0,
(35)
where
LN,γ (u) = −div
(|x|−2γ ∇u)−ΛN,γ u|x|2(γ+1) .
We could assume that 0  λ  ΛN,γ and 0 < p < 2∗ − 1, according with the previous
results. We set w(x) = |x|α1u(x), where α1 = (N−2(γ+1)−
√
λ
2 , then w satisfies the problem{
−div(|x|−2(γ+ α12 )∇w) = |x|−2γ−(p+1)α1wp in Ω,
w  0 and w| = 0. (36)∂Ω
604 B. Abdellaoui, I. Peral / J. Math. Anal. Appl. 314 (2006) 590–617Notice that if w is a solution to problem (36), then w > 0 and w ∈ L∞(Ω) (see [3]).
As in [3] we define the Hilbert space Hγ , the completion of C∞0 (Ω) with respect to the
norm,
‖φ‖2Hγ =
∫
Ω
|∇φ|2|x|−2γ dx −ΛN,γ
∫
Ω
φ2
|x|2(γ+1) dx.
In the case p < 1 we have the following direct result which proof is a direct consequence
of the results in [3].
Proposition 2.14. Assume that p < 1, then problem (35) has an unique nonnegative so-
lution uλ such that 0 < |x|α1u(x) ∈ L∞(Ω) and uλ → u˜, as λ → 0, strongly in Hγ .
Moreover, u˜ is the unique positive solution to problem
−div(|x|−2γ ∇u)−ΛN,γ u|x|2(γ+1) = |x|−2γ up, u ∈ Hγ .
In the complementary interval of p, 1 < p < 2∗ − 1, in general the uniqueness is not
true, however, we have the following result.
Proposition 2.15. Let uλ be a solution to problem (35) where 1 < p < 2∗−1, then uλ → uˆ,
as λ → 0, strongly in Hγ , where uˆ is a positive solution to problem
−div(|x|−2γ ∇u)−ΛN,γ u|x|2(γ+1) = |x|−2γ up, u ∈ Hγ . (37)
Proof. The existence of uλ follows easily by using the classical mountain pass argument.
Taking uλ as a test function in (35) and by using the improved Hardy inequality in [17]
(see [2] for an alternative proof) we get the existence of a positive constant C independent
of λ such that∫
Ω
u
p+1
λ |x|−2γ dx  C for all λ ∈ [0,ΛN,γ ].
We set wλ = |x|α1uλ, then wλ satisfies to problem (36). Since p+1 < 2∗, a variation of the
Gidas–Spruck result in [14] obtained in [3], shows that ‖wλ‖∞ A for all λ ∈ [0,ΛN,γ ].
Hence uλ A|x|−α1 . Therefore we conclude that ‖uλ‖Hγ A1. Thus we get the existence
of uˆ ∈ Hγ such that uλ ⇀ uˆ weakly in Hγ . It is not difficult to prove that uˆ is a weak
solution to problem (37). We prove the strong convergence. Using the definition of uλ and
uˆ we get
−div(|x|−2γ ∇(uλ − uˆ))−ΛN,γ uλ − uˆ|x|2(γ+1) + λ uλ|x|γ+1)
= |x|−2γ (upλ − uˆp), u ∈ Hγ . (38)
Taking uλ − uˆ as a test function in (38), we obtain that
‖uλ − uˆ‖2Hγ + λ
∫
u2λ
|x|2(γ+1) dx =
∫
(uλ − uˆ)
(
u
p
λ − uˆp
)|x|−2γ dx.
Ω Ω
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we obtain that∫
Ω
(uλ − uˆ)
(
u
p
λ − uˆp
)|x|−2γ → 0 as λ → 0.
Hence ‖uλ − uˆ‖2Hγ → 0 as λ → 0 and the prove is complete. 
3. The parabolic case
In this section we deal with the following problem:

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = g in Ω × (0, T ),
u 0 in Ω × (0, T ) and u = 0 on ∂Ω × (0, T ),
u(x,0) = u0(x) in Ω,
(39)
where Ω ⊂RN (N  3). We set u(x, t) = u0(x)w(x, t), then we obtain that
|x|2α0wt − div
(|x|2(α0−γ )∇w)= |x|α0g.
If (1 + γ ) > 0, then the associated homogeneous linear differential equation verifies the
parabolic Harnack inequality proved by Chiarenza and Serapioni in [9] and by Gutierrez
and Wheeden in [15] for a more general cases of degenerate equations.
Namely, if we consider the equation
|x|2α0wt − div
(|x|−2(γ−α0)∇w)= 0 in Ω × (0, T ), (40)
then we say that w ∈ L2((0, T );D1,20,γ−α0(Ω)) ∩ C([0, T ];L1(Ω)) is a solution to (40) in
the energy sense if
T∫
0
∫
Ω
|x|2α0vtw +
T∫
0
∫
Ω
|x|−2(γ−α0)∇w∇v = 0,
∀v ∈ L2((0, T );D1,20,γ−α0(Ω))∩C([0, T ];L1(Ω)).
The concrete result that we use is the following
Theorem 3.1 (Harnack inequality). Let w be a positive energy solution to (40). We denote
R = Bρ(x0) × (t0 − β, t0 + β) ⊂ Ω × (0, T ), where 0 < β < t0. Then there exists C =
C(N,γ,ρ, t0, β) such that
sup
R−
w  C inf
R+
w, (41)
where R− = Bρ/2(x0)× (t0 − 34β, t0 − 14β) and R+ = Bρ/2(x0)× (t0 + 14β, t0 + β).
For the proof we refer to [9] and also [15] for some extension.
The Harnack inequality for the parabolic equation is an important tool in the behavior
with respect to global existence in this kind of problems as was studied in [1]. Precisely
we will use the following weak Harnack inequality for a positive supersolution.
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tion to problem (40), then there exists a positive constant C = C(N,γ,ρ, t0, β) such that∫
Bρ
2
(x0)
|x|2α0w(x, t) dx  C inf
R+
w for all t ∈
(
t0 − 34β, t0 −
1
4
β
)
. (42)
Moreover,∫ ∫
R−
|x|2α0w(x, t) dx dt  C inf
R+
w. (43)
Proof. Since w ∈ C([0, T ];L1(Ω)), there exists t¯ ∈ [t0 − 34β, t0 − 14β] such that
sup
t∈(t0− 34 β,t0− 14 β)
∫
Bρ
2
(x0)
|x|2α0w(x, t) dx =
∫
Bρ
2
(x0)
|x|2α0w(x, t¯ ) dx. (44)
Let v be the solution to problem{ |x|2α0vt − div(|x|−2(γ−α0)∇v) = 0 in Ω × (t¯ , t0 + β),
v(x, t¯ ) = w(x, t¯ ), x ∈ Ω. (45)
By comparison, w  v. Let ξ be the positive solution to the adjoint problem{−|x|2α0ξt − div(|x|−2(γ−α0)∇ξ) = h in Ω × (t¯ , t0 + β),
ξ(x, t0 + β) = 0, x ∈ Ω,
(46)
where h is a bounded positive function that will be chosen later. By the maximum principle,
ξ  0. Using ξ as a test function in (45), we obtain
−
∫
Ω
|x|2α0ξ(x, t¯ )v(x, t¯ ) dx +
t0+β∫
t¯
∫
Ω
v
(−|x|2α0ξt − div(|x|2(α0−γ )∇ξ))dx dt = 0,
therefore
t0+β∫
t¯
∫
Ω
v(x, t)h(x, t) dx dt =
∫
Ω
|x|2α0u(x, t¯ )ξ(x, t¯ ) dx
 min
Bρ
2
(x0)
ξ(x, t¯ )
∫
Bρ
2
(x0)
|x|2α0w(x, t¯ ) dx.
By choosing h = χBρ
2
(x0)χ(t0+ 14 β,t0+β), we conclude that∫ ∫
R+
v(x, t) dx dt  min
Bρ
2
(x0)
ξ(x, t¯ )
∫
Bρ (x0)
|x|2α0w(x, t¯ ) dx. (47)
2
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sup
R−
v  c inf
R+
v  c inf
R+
w. (48)
From (44), (47) and (48), we conclude∫ ∫
R−
|x|2α0w(x, t) dx dt  c1
∫
Bρ
2
(x0)
|x|2α0w(x, t¯ ) dx  c2 inf
R+
w,
where c1, c2 are independent on w. 
Remark 3.3. Notice that the interval of γ is optimal. Precisely, if (1 + γ ) 0 we consider
w(x, t) = t |x|ρ , where ρ > 0. A direct computation shows that
|x|2α0wt − div
(|x|−2(γ−α0)∇w)
= |x|ρ+2α0 − ρt |x|ρ+2α0−2(γ+1)(ρ +N + 2α0 − 2(γ + 1)).
As ρ > 0 and γ + 1  0, choosing r0, t0 > 0 small enough, we obtain that w is a super-
solution to problem (40) in the cylinder Br0(0)× (0, t0). Since w(0, t) = 0, even the weak
Harnack inequality, given by (43), is not satisfied.
In the same interval, 0 < 1 + γ < N2 , by using an elementary computation we get the
existence of the solution
E(x, t) = C H(t)
t
N+2α0
2(γ+1)
exp
(
− |x|
2(γ+1)
4(γ + 1)2t
)
,
where H is the Heaviside function in t . Normalizing by a suitable constant C we obtain
that
|x|2α0Et − div
(|x|−2(γ−α0)∇E)= δ(0,0).
We give the following definition.
Definition 3.4. Let f (x, t) ∈ L1(Ω × (0, T )) and w0 ∈ L1(|x|2α0 dx,Ω). We say that
w ∈ C([0, T ),L1((1 + |x|2α0−1)dx))
is a weak solution to problem

|x|2α0wt − div(|x|−2(γ−α0)∇w) = f (x, t),
w = 0 on ∂Ω × (0, T ),
w(x,0) = w0(x) in L1(Ω),
(49)
if for all 0 < s < T we have that
s∫
0
∫
Ω
w
(−|x|2α0ψt − div(|x|−2(γ−α0)∇ψ))−
∫
Ω
|x|2α0w0ψ(0) =
s∫
0
∫
Ω
fψ dx dt
(50)
for all ξ ∈ C2(Ω × [0, s]) with ξ(x, s) = 0 on Ω and ξ = 0 on ∂Ω × [0, s].
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Theorem 3.5. Problem (49) has a unique weak solution in the sense of Definition 3.4.
3.1. Nonexistence in the super-linear case: p > 1, β  (p − 1)α0 + 2(γ + 1) and
1 + γ > 0
In this subsection we deal with the following problem:

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|β in Ω × (0, T ),
u = 0 on ∂Ω × (0, T ),
u(x,0) = u¯0(x) in Ω,
(51)
where p > 1 and β  (p − 1)α0 + 2(γ + 1). By setting u(x, t) = |x|α0w(x, t) we obtain
that w verifies

|x|2α0wt − div(|x|−2(γ−α0)∇w) = wp|x|β−(p+1)α0 in Ω × (0, T ),
w = 0 on ∂Ω × (0, T ),
w(x,0) = w0(x) in Ω,
(52)
where w0(x) = |x|−α0 u¯0(x). Notice that under the hypothesis on β , β − (p + 1)α0 
2(γ − α0 + 1), namely the weight is critical or supercritical with respect to the Hardy–
Sobolev inequality. We cannot apply directly the proof in [1] because the coefficient in the
time derivative, however we have the Harnack inequality in this case according with the
results in [15], then the next statement is natural.
Theorem 3.6. Let w0 be a positive function such that w0 ∈ L∞(Ω) and w0 ≡ 0, then prob-
lem (52) does not have a weak positive solution. If w0 ≡ 0, then the unique nonnegative
solution is w ≡ 0.
Proof. Assume that (52) has a positive weak solution w. Let
an(x) = min
{
n, |x|(p+1)α0−β}, gn(s) = min{n, sα}. (53)
We set fn(x, t) = an(x)gn(w(x, t)); in this way fn(x, t) ∈ L∞(Ω × (0, T )) and
fn(x, t) ↗ f (x, t) = w
α(x, t)
|x|β−(p+1)α0 in L
1(Ω × (0, T )).
Since |x|−2α0fn ∈ Lr(Ω, |x|2α0 dx) with r > N+2α02 , we have the required integrability
to obtain L∞ estimates. (See [10].) Consider wn the unique positive global solution to
problem

|x|2α0(wn)t − div(|x|−2(γ−α0)∇wn) = fn(x, t) in Ω × (0, T ),
wn = 0 on ∂Ω × (0, T ),
wn(x,0) = w0(x) in Ω.
(54)
Then, wn ∈ L∞(Ω × (0, T )) and, since w0 ≡ 0, the weak Harnack inequality implies
that wn > 0 in Ω × (0, T ). Notice that {fn} is increasing with respect to n, and then we
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inequality gives us that
w w1  ε a.e. in Bη(0)× (τ, T ) where 0 < τ < T and Bη(0)Ω. (55)
For ε¯ > 0 we can choose a constant c = c(η,p, ε¯) such that v(x) = c(log 1|x| − log 1|η| )
satisfies{ |x|2α0vt − div(|x|−2(γ−α0)∇v) = ε¯|x|2(1+γ−α0) in Bη(0)× (τ, T ),
v|∂Bη(0) = 0.
(56)
We define v1(x, t) = (t − τ)v(x) for t ∈ (τ, T ) which verifies

|x|2α0 dv1
dt
− div(|x|−2(γ−α0)∇v1)
= |x|2α0v(x)+ (t − τ) ε¯|x|2(1+γ−α0) in Bη(0)× (τ, T ),
v1|∂Bη(0) = 0,
(57)
and limt→τ
∫
Bη(0) v1(x, t)φ(x) dx = 0 for all φ ∈ C∞0 (Bη(0)). Hence v1 is the energy and
then the weak solution to (57).
Since
|x|2α0 dv1
dt
− div(|x|−2(γ−α0)∇v1) |x|2α0v(x)+ T ε¯|x|2(1+γ−α0)
and
lim|x|→0 |x|
2(1−α0)v(x) = 0,
one can chose ε¯ and η such that
|x|2α0 dv1
dt
− div(|x|−2(γ−α0)∇v1) ε|x|2(1+γ−α0) in Bη(0)× (τ, T ),
where ε is defined as in (55). Let vn be the unique positive solution to problem{ |x|2α0(vn)t − div(|x|−2(γ−α0)∇vn) = εan(x) in Bη(0)× (τ, T ),
(vn)|∂Br (0) = 0,
(58)
by the weak comparison principle we get
w(x, t)wn(x, t) vn(x, t) for all (x, t) ∈ Bη(0)× (τ, T ).
Taking into account that vn ↑ v2 and by the fact that v2  v1, we conclude that
lim|x|→0 v2(x, t) = ∞ uniformly in t ∈ [τ1, T1] ⊂ (τ, T ). Hence we obtain that
lim|x|→0w(x, t) = lim|x|→0 limn→∞wn(x, t) = ∞ ∀t ∈ [τ1, T1].
Then for all c > 1 there exist n0 ∈ N and η1 > 0 such that for all n n0, wn(x, t) c in
Bη1(0) and uniformly on t ∈ [τ1, T1]. Let c¯ > sup{1,p − 1} be such that
(p − 1)c¯p−1 − 4(p − 1) log(c¯) > ΛN,γ−α0, (59)T − τ
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θ = γ − α0. Hence we get the existence of 0 < η < 1 and n0 ∈ N in a such a way that if
n n0, then wn  2c¯ in Bη(0)× (τ, T ).
Define the function
φ(s) =
{ 1
p−1 (
1
c¯p−1 − 1sp−1 ) if s > c¯,
1
c¯p
(s − c¯) if s  c¯. (60)
Notice that φ ∈ C1(R), is a concave function and φ′(s) = 1
sp
for all s > c¯, in particular
0 < φ′(s) < 1
c¯p
. Since φ(s) is a regular function for s > c¯, and wn > c¯ for all n n0, then
−div(|x|−2(γ−α0)∇φ(wn))
= φ′(wn)
(−div(|x|−2(γ−α0)∇wn))− φ′′(wn)|x|−2(γ−α0)|∇wn|2.
It is clear that φ(wn) 1α−1
1
c¯α−1 . Since φ
′′ < 0 and wn(x) > c¯ > 1 in Bη(0), we obtain
|x|2α0(φ(wn))t − div(|x|−2(γ−α0)∇φ(wn)) φ′(wn)fn.
Consider ψ ∈ C∞0 (Bη(0)), using Theorem 1.5, we get∫
Bη(0)
|∇ψ |2|x|−2(γ−α0) dx 
∫
Bη(0)
|ψ |2 −div(|x|
−2(γ−α0)∇φ(wn))
φ(wn)
dx,
hence ∫
Bη(0)
|∇ψ |2|x|−2(γ−α0) dx

∫
Bη(0)
|ψ |2fn φ
′(wn)
φ(wn)
dx −
∫
Bη(0)
|x|2α0 |ψ |2 (wn)t (φ
′(wn))
φ(wn)
dx. (61)
By integration over (τ, T ) we obtain that
T∫
τ
∫
Bη(0)
|∇ψ |2|x|−2(γ−α0) dx dt

T∫
τ
∫
Bη(0)
|ψ |2fn φ
′(wn)
φ(wn)
dx dt −
T∫
τ
∫
Bη(0)
|x|2α0 |ψ |2 (wn)t (φ
′(wn))
φ(wn)
dx dt. (62)
Since x ∈ Bη(0), then wn(x, t) > 2c¯. Therefore we get
1  (p − 1)c¯p−1.φ(wn)
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n0 and x ∈ Bη(0), we obtain that φ′(wn)fn  af . Hence by the dominated convergence
theorem we conclude that
φ′(wn)fn → φ′(w) w
p
|x|β−(p+1)α0 =
1
|x|β−(p+1)α0 in L
1(Bη(0)× (τ, T )).
Therefore we obtain
T∫
τ
∫
Bη¯(0)
|ψ |2fn φ
′(wn)
φ(wn)
dx dt  (T − τ)(α − 1)c¯α−1
∫
Bη¯(0)
|ψ |2
|x|β−(p+1)α0 dx + o(1).
To estimate the term involving the t derivative, we proceed as follows. Let us denote
I =
∣∣∣∣∣
∫
Bη¯(0)
T∫
τ
|x|2α0 (wn)t (φ
′(wn))
φ(wn)
dt dx
∣∣∣∣∣
=
∣∣∣∣∣
∫
Bη¯(0)
|x|2α0 |ψ |2(logφ(wn(T ))− logφ(wn(τ)))dx
∣∣∣∣∣.
Since φ(wn) φ(w) and η¯  1, we get
I  2
∫
Bη¯(0)
|ψ |2∣∣logφ(w(T ))∣∣dx  4(α − 1) log(c¯) ∫
Bη¯(0)
|ψ |2 dx,
hence, by substitution in (62) and integrating in time, we reach the inequality,∫
Bη¯(0)
|∇ψ |2|x|2α0 dx 
(
(α − 1)c¯α−1 − 4(α − 1) log(c¯)
T − τ
) ∫
Bη¯(0)
|ψ |p
|x|β−(p+1)α0 dx
Λ
∫
Bη¯(0)
|ψ |2
|x|2(1+γ−α0) dx,
where
Λ = (α − 1)c¯α−1 − 4(α − 1) log(c¯)
T − τ > ΛN,γ−α0
by (59), which is a contradiction with the optimality of ΛN,γ−α0 . 
Corollary 3.7. Suppose f ∈ L1(Ω × (0, T )) and w0 ∈ L1(Ω), are positive functions such
that (f,w0) = (0,0). Then problem

|x|2α0wt − div(|x|−2(γ−α0)∇w) = wp|x|β−(p+1)α0 + f, w  0 in Ω × (0, T ),
w = 0 on ∂Ω × (0, T ),
w(x,0) = w0(x) in Ω,
(63)
does not have a positive weak solution.
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Theorem 3.8. Let f ∈ L1(Ω × (0, T )) and u0 ∈ L1(Ω), be positive functions such that
(f,u0) = (0,0). Then, problem

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|β−(p+1)α0 + f in Ω × (0, T ),
u 0 in Ω × (0, T ) and u = 0 on ∂Ω × (0, T ),
u(x,0) = u0(x) in Ω,
(64)
does not have a positive weak solution.
In the linear case, the results are consequence of the ones in [1], i.e., in the problem

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = λ u|x|β in Ω × (0, T ),
u = 0 on ∂Ω × (0, T ),
u(x,0) = u¯0(x) in Ω,
(65)
with λ > 0, the effect of the critical potential, β = 2(γ + 1), as absorption term produce a
trivial displacement of the blow-up constant, ΛN,γ + 1. Notice that, on the other hand, by
setting w(x, t) = |x|−α0u(x, t), we obtain that w satisfies problem

|x|2α0wt − div(|x|−2(γ−α0)∇w) = λ w|x|β−2α0 in Ω × (0, T ),
w = 0 on ∂Ω × (0, T ),
w(x,0) = w0(x) in Ω,
(66)
with w0(x) = |x|−α0 u¯0(x). Then by a simple modification of the above argument we obtain
the following easy corollary.
Corollary 3.9. Let w0 be a positive function such that w0 ∈ L∞(Ω) and w0 ≡ 0, then
(i) If β > 2(γ + 1), problem (66) does not have a weak solution independently of λ.
(ii) If β = 2(γ + 1), problem (66) does not have a weak solution if λ > (N−2(γ−α0+1)2 )2.
If w0 ≡ 0, then the unique nonnegative solution is w ≡ 0.
The existence of global solution for nice initial data under the critical value of the con-
stant is also a straightforward calculation. As final remark we obtain that ΛN,γ + 1 =
(
N−2(γ−α0+1)
2 )
2
, which is a consequence of the definition of α0.
3.2. Blow-up results
As a consequence of the nonexistence results we have the following blow-up result.
Lemma 3.10. Let wn be the solution to problem

|x|2α0 ∂wn
∂t
− div(|x|−2(γ−α0)∇wn) = an(x)gn(wn) in Ω × (0, T ),
wn  0 in Ω, (67)
wn|∂Ω = 0 and wn(x,0) = w0(x),
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Then for all r > 0 such that B4r (0) ⊂ Ω and all t ∈ (0, T ) we have∫
Br (0)
|x|2α0wn(x, t) dx → ∞ as n → ∞. (68)
Proof. We argue by contradiction. Let τ > 0, r0 > 0 be such that∫
Br0 (0)
|x|2α0wn(x, τ ) dx  C0 for all n.
Since an(x) and gn(s) are increasing function we obtain that {wn} is an increasing se-
quence. Therefore, there exists w(x, τ) ∈ L1(|x|2α0 dx,Br0(0)) such that wn(x, τ ) ↗
w(x, τ) for all x ∈ Br0(0). Without loss of generality we can assume that B4r0(0) ⊂ Ω , then
using weak Harnack inequality for wn we get the existence of C1 ≡ C1(τ,N,α0, γ, r0)
such that for all t ∈ (τ/4, τ/3) we have∫
Br0 (0)
|x|2α0wn(x, t) dx  C1 inf
{
wn(x, t)
∣∣∣∣ x ∈ Br0(0)×
(
τ
2
,
3
2
τ
)}
 C2 (69)
for all n ∈N.
Fixed τ¯ in a such way that (τ¯ /5, τ¯ /4) ⊂ (τ/4, τ/3), then we can define w(x, t) for all
(x, t) ∈ Br0(0)×(τ¯ /5, τ¯ /4) and
∫
Br0 (0)
|x|2α0w(x, t) dx < ∞, uniformly in t ∈ (τ¯ /5, τ¯ /4).
Moreover, using Theorem 3.2, we get the existence of ε1 > 0 such that wn  w1 > ε1 in
Br0(0)× (τ¯ /5, τ¯ /4) ⊂ (0, T ).
Let
µ = inf
Br0 (0)×(τ¯ /5,τ¯ /4)
g1
(
w1(x, t)
)
and ε = min{ε1,µ}.
Let vn be the solution to problem{
|x|2α0(vn)t − div(|x|−2(γ−α0)∇vn) = εan(x) in Br0(0)× (τ¯ /5, τ¯ /4),
(vn)|∂Br0 (0) = 0, vn(x, τ¯ /5) = ε in Br0(0).
(70)
Then vn ↑ v with lim|x|→0 v(x, t) = +∞ uniformly in (τ2, τ3), where τ¯ /5 < τ2 < τ3 <
τ¯/4, see the proof of Theorem 3.6.
Using the weak comparison principle we obtain that wn(x, t)  vn(x, t) and then we
get
lim
n→∞ lim|x|→0un(x, t) = +∞ uniformly in (τ2, τ3).
Let Bη¯(0)  Ω be such that un(x, t)  1 for all x ∈ Bη¯(0) × (t1, t2) with τ2 < t1 <
t2 < τ3, and ψ ∈ C∞0 (Bη¯(0)). Using Theorem 1.5 we obtain∫
Bη¯(0)
|∇ψ |2|x|−2(γ−α0) dx 
∫
Bη¯(0)
|ψ |2an(x)gn(wn)
wn
dx −
∫
Bη¯(0)
|x|2α0 |ψ |2 (wn)t
wn
dx.
(71)
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t2∫
t1
∫
Bη¯(0)
|∇ψ |2|x|−2(γ−α0) dx dt
 λ
t2∫
t1
∫
Bη¯(0)
|ψ |2an(x)gn(wn)
wn
dx dt −
t2∫
t1
∫
Bη¯(0)
|x|2α0 |ψ |2 (wn)t
wn
dx dt.
Hence
(T1 − τ1)
∫
Bη¯(0)
|∇ψ |2|x|−2(γ−α0) dx dt

T1∫
τ1
∫
Bη¯(0)
|ψ |2an(x)gn(w)
w
dx dt −
∫
Bη¯(0)
|x|2α0 |ψ |2 log(wn(x,T1))dx, (72)
which follows by the fact that wn(x,T1) > 1 for x ∈ Bη¯(0).
Since gn(w)an(x) ↗ wp|x|β−(p+1)α0 ∈ L1(Bη¯(0)) and
|ψ |2
w
∈ L∞(Bη¯(0)), using the mono-
tone convergence theorem we conclude that
T1∫
τ1
∫
Bη¯(0)
|ψ |2an(x)gn(w)
w
dx dt → C(T1 − τ1)
∫
Bη¯(0)
|ψ |2
|x|β−(p+1)α0 dx,
where C is a large constant that we will chose later. We set
ζ(x) = 1
T1 − τ1 |x|
2α0 log
(
u(x,T1)
)
.
Since |x|2α0u(·, T1) ∈ L1(Bη¯(0)) we obtain that ζ ∈ Lp(Bη¯(0)) for all p  1. In particular
ζ ∈ Lp(Bη¯(0)), where p > Nγ+1 . We set
λ(η¯) = inf
{φ∈C∞0 (Bη¯(0)): φ =0}
∫
Bη¯(0) |∇φ|2|x|−2(γ−α0) dx∫
Bη¯(0) ζφ
2 dx
.
Then the eigenvalue, λ(η¯) → ∞ as η¯ → 0. Hence we get the existence of η > 0 in such a
way that (T1−τ1)λ(η)1+(T1−τ1)λ(η) 
1
2 . Choosing C > 3Λγ−α0 , we conclude that∫
Bη¯(0)
|∇ψ |2|x|−2(γ−α0) dx  (T1 − τ1)λ(η)
1 + (T1 − τ1)λ(η)C
∫
Bη¯(0)
|ψ |2
|x|β−(p+1)α0 dx
 3
2
λN,γ−α0
∫
B (0)
|ψ |2
|x|β−(p+1)α0 dx.η¯
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Bη¯(0)
|∇ψ |2|x|−2(γ−α0) dx  3
2
ΛN,γ−α0
∫
Bη¯(0)
|ψ |2
|x|2(γ−α0+1) dx,
a contradiction with the optimality of ΛN,γ−α0 . 
We are now able to formulate the main blow-up result.
Theorem 3.11. Let wn be the unique positive solution to problem (67), then for all
(x0, t0) ∈ Ω × (0, T ) we have limn→∞ wn(x0, t0) = ∞.
Proof. Let (x0, t0) ∈ Ω × (0, T ), if x0 ∈ Br(0), such that B4r (0) ⊂ Ω , then using the weak
Harnack inequality we get
wn(x0, t0) c
∫
Br (0)
|x|2α0wn(x, t0 − ε) dx,
where c = c(N,γ, r) and ε > 0 is such that t0 − ε > 0.
By Lemma 3.10 we find that
∫
Br (0) |x|2α0wn(x, t0 − ε) dx → ∞, hence
lim
n→∞wn(x0, t0) = ∞.
If x0 /∈ Br(0), we first suppose that Br(0) ∩ Br(x0) = ∅, then there exists y ∈ Ω such
that Bη(y) ⊂ Br(0) ∩ Br(x0). Therefore using again the weak Harnack inequality and
Lemma 3.10 we obtain
wn(x0, t0) c
∫
Br (x0)
|x|2α0wn(x, t0 − ε) dx  c
∫
B¯η(y)
|x|2α0wn(x, t0 − ε) dx
 c inf
x∈B¯η(y)
wn(x, t0 − ε) cwn(x1, t0 − ε),
where c is a positive constant independent of wn. Since x1 ∈ Br(0), then wn(x1, t0 − ε)
→ ∞, and we obtain that wn(x0, t0) → ∞ for n → ∞.
In the general case, if x0 ∈ Ω arbitrary, then since d(x,Br(0)) < ∞, using an iteration
argument, in a finite number of steps we conclude. 
As above, if assume that p = 1, we have the following blow-up result.
Theorem 3.12. Let wn be the solution to problem

|x|2α0 ∂wn
∂t
− div(|x|−2(γ−α0)∇wn) = an(x)wn in Ω × (0, T ),
wn  0 in Ω,
wn|∂Ω = 0 and wn(x,0) = w0(x),
(73)
where an(x) = min{n, |x|2α0−β}. Let w0 ∈ L∞(Ω) be such that w0  0 and w0 ≡ 0. As-
sume that β > 2(γ + 1) and λ > 0 or β = 2(γ + 1) and λ > (N−2(γ−α0+1)2 )2. Then for all
(x0, t0) ∈ Ω × (0, T ) we have limn→∞ wn(x0, t0) = ∞.
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Assume that β < 2(γ + 1)+ (p − 1)α0, then the term
∫ T
0
∫
Ω
|x|(p+1)α0−β |w|p+1 dx is
well defined for all w ∈ L2(0, T ;D1,20,γ−α0). Let c ∈ [−(N − 2(γ − α0 + 1)),0] be a fixed
number that we will chose later. By setting w¯(x, t) ≡ |x|c we obtain that
|x|2α0 ∂w¯
∂t
− div(|x|−2(γ−α0)∇w¯)= −c(c +N − 2(γ − α0 + 1))|x|c−2.
Since β < 2(γ + 1) + (p − 1)α0, then for all p > 1, we get the existence of cp ∈ [−(N −
2(γ − α0 + 1)),0] such that
cp(p − 1)+ (p − 1)α0 + 2(γ + 1)− β > 0.
Hence, modulo a rescaling, w¯ is a supersolution to problem (52). Choosing w0 small
enough and using an iteration argument we get the existence of at least a local solution.
Hence existence result can be obtained for problem (51).
The same holds if p = 1 and either β < 2(γ + 1), λ > 0 or β = 2(γ + 1) and λ 
ΛN,γ + 1.
We consider now the following case. Let f ∈ L1(Ω) be a positive function and consider
the following problem:

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|2(γ+1) + f in Ω,
u(x) 0, u|∂Ω = 0,
u(x,0) = φ(x) 0.
(74)
Then we have the following results.
• Let f,φ be positive functions such that ‖x|2−εf ‖L∞  C and φ(x) u¯(x), the min-
imal solution to problem (26). We assume that (f,φ) = (0,0), then for all p > 1,
problem (74) has a bounded nonnegative solution u such that u(0, t) = 0.
Since u¯(x) is a supersolution and 0 is a strictly subsolution to problem (74), using an
iteration argument we get the existence of a nonnegative solution u(x, t)  u¯(x). Since
u¯(0) = 0, we obtain that u(0, t) = 0.
The case where (1 + γ ) 0:
• Let φ be a bounded positive function. Assume that γ +1 0 and consider the problem

ut − div(|x|−2γ ∇u)+ u|x|2(γ+1) = u
p
|x|β , u 0 in ΩT ,
u = 0 in ∂Ω × (0, T ),
u(x,0) = φ(x) in Ω.
(75)
Then there exists p > 1 such that β = (p − 1)α0 + 2(γ + 1)  0, and then problem
(75) has a local non negative solution.
The proof is standard.
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